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Recently-developed models of decision making have provided accounts of the cognitive pro-
cesses underlying choice on tasks where responses can fall along a continuum, such as iden-
tifying the color or orientation of a stimulus. Even though nearly all of these models seek to
extend diffusion decision processes to a continuum of response options, they vary in terms of
complexity, tractability, and their ability to predict patterns of data such as multimodal distri-
butions of responses. We suggest that these differences are almost entirely due to differences
in how these models account for the similarity among response options. In this theoretical
note, we reconcile these differences by characterizing the existing models under a common
framework, where the assumptions about psychological representations of similarity, and their
implications for behavioral data (e.g., multimodal responses), are made explicit. Furthermore,
we implement a simulation-based approach to computing model likelihoods that allows for
greater freedom in constructing and implementing continuous response models. The resulting
geometric similarity representation (GSR) can supplement approaches like the circular / spher-
ical diffusion models by allowing them to generate multimodal distributions of responses from
a single drift, or simplify models like the spatially continuous diffusion model by condensing
their representations of similarity and allowing them to generate simulations more efficiently.
To illustrate its utility, we apply this approach to multimodal distributions responses, two-
dimensional responses (such as locations on a computer screen), and continuua of response
options with nontrivial, nonlinear similarity relations between response options.
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response time

A number of recent papers proposing new compu-
tational models have targeted a long-standing problem
in decision-making, which is that dynamic theories of
choice only account for selections between a small num-
ber of options (most often, sets of 2-3). Continuous-
response paradigms are prevalent across cognitive sci-
ences and psychology, including perception and mem-
ory of color (Awh et al., 2007; van den Berg et al., 2014;
Zhang & Luck, 2008) and orientation (Rademaker et al.,
2012; Kvam, 2019b), simple studies of brightness detec-
tion (Ratcliff, 2018), and more applied cognitive tasks like
spatial navigation and wayfinding (Blanchard et al., 1987,
Montello & Pick Jr, 1993), pricing (Mellers et al., 1992;
Kvam & Busemeyer, 2018, 2020) and preference or confi-
dence rating tasks (Sniezek & Henry, 1989; Harvey, 1997).
Despite this, theories of the cognitive processes underly-
ing selections in continuous-report paradigms were under-
developed or non-existent until the recent advent of the cir-
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cular diffusion model (Smith, 2016), the spatially continuous
diffusion model (Ratcliff, 2018), the more general geomet-
ric framework for constructing models (Kvam, 2019a), and
extensions and generalizations of these approaches (Kvam,
2019b; Kvam & Busemeyer, 2020; Smith & Corbett, 2018;
Smith, 2019; Smith et al., 2020; Ratcliff & McKoon, 2020).
Like preceding evidence accumulation approaches such
as diffusion models (Ratcliff et al., 2016) or accumulator
models (Brown & Heathcote, 2008; Smith & Vickers, 1988;
Usher & McClelland, 2001; Smith & Van Zandt, 2000),
these paradigms allow for new insights into the cognitive pro-
cesses underlying performance by quantifying responses and
response times in terms of meaningful cognitive variables
like signal strength, response caution, bias, and non-decision
time.

The first of these models, the circular diffusion model
(CDM; Smith, 2016), provided a tractable approach to mod-
eling continuously-distributed responses on a circle. It was
particularly aimed at accounting for behavior on tasks like
the color wheels used in studies on visual working mem-
ory (van den Berg et al., 2014) and accounts for behavior by
representing decision making as a two-dimensional diffusion
process bounded within a circle. The left panel of Figure
1 illustrates the model: A decision maker’s evidence state
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starts somewhere within the circle, typically at the center,
and moves around as the decision maker gathers information
from the stimulus. Once the evidence state crosses the edge
of the bounding circle, a response corresponding to that lo-
cation on the circle is generated. The CDM predicts a right-
skewed distribution of response times and a von Mises distri-
bution of responses (similar to a normal distribution wrapped
around a circle). The biggest advantage of the CDM is that
it has an analytically tractable likelihood, giving the likeli-
hood of the data directly as a function of its parameters. Such
tractability makes the CDM easy to use, and the von Mises
distribution of responses that results from this type of diffu-
sion process provides a natural connection to existing work
that has examined the distribution of responses on a circle
(Awh et al., 2007; Zhang & Luck, 2008).

Another approach to modeling continuously-distributed
responses is the spatially continuous diffusion model
(SCDM) developed by Ratcliff (2018). Instead of the cir-
cular distributions typically encountered in color and orienta-
tion tasks, the SCDM was designed to predict performance in
tasks where responses could fall along a line or plane, such as
in function learning tasks (DeLosh et al., 1997) or spatial lo-
cation tasks (Naveh-Benjamin, 1987). This was particularly
important because it provided a method for predicting re-
sponses in a bounded 1-dimensional or 2-dimensional space,
rather than the wrapped / unbounded circle. As a result, the
SCDM provided an account of responses on a scale with
endpoints, where different distributions of response times
and accuracy arise in responses near the edges of the re-
sponse space (consistent with work on absolute judgment;
Luce et al., 1982; Marley & Cook, 1984). In addition, the
SCDM provides a natural way of accounting for multimodal
distributions of responses, which can occur when there are
multiple equally-good options that correspond to spatially
distinct regions of the response space. However, as is often
the case, accounting for more complex patterns in behavioral
data often comes at the cost of a more complex theory, and
the SCDM is no exception. Of note, the SCDM can be dif-
ficult to use because it must approximate the continuous set
of response options discretely, and generating fits to data re-
quires simulation of a large number of accumulators. Both
the quality of fits and the computational complexity of this
model depend on the resolution of the discrete approxima-
tion of the continuous space.

Although Ratcliff (2018) noted some differences between
the models in terms of what they could predict, the math-
ematical structure of these models has not been thoroughly
compared. One reason for this gap in comparison relates to
purposes for which the models have been designed: whereas
the CDM was developed primarily for tasks with a circular /
wrapped response space, the SCDM was developed with an
eye toward cases where responses fall within a fixed range on
aline or plane. In this theoretical note, we examine the differ-
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Figure 1

Top row: Structure of the circular diffusion decision model
(left) and the spatially continuous diffusion model (right), in-
cluding parameters for drift u, starting point / state s, dif-
fusion rate G, threshold 0, and kernel width specifying ev-
idence covariance G, (specific to the SCDM). Bottom row:
Similarity rules for mapping evidence for a target alterna-
tive (blue) onto other nearby alternatives (orange) for each
model.

ences between the models in three important dimensions: (1)
how the models represent evidence for different alternatives,
(2) how support for one alternative affects support for an-
other (similarity rule), and (3) how evidence is accumulated
and mapped to a decision rule. We show that the primary
difference between the models is in how similarity among
alternatives is represented: whereas the CDM represents ev-
idence as a point within a circle (hypersphere) of possible
responses, constraining similarity to a cosine-based rule, the
SCDM uses an additional free parameter to represent the re-
lationships among choice options with a similarity kernel. A
result from our analysis is that the additional free parameter
used in SCDM can be integrated into the CDM using the
geometric framework, producing a new geometric represen-
tation of similarity [GSR] that merges the benefits of both the
CDM (in terms of continuity and tractability) and the SCDM
(in terms of its ability to capture multimodal response distri-
butions from a single drift vector).

Models of Continuous Report

Figure 1 illustrates how the two models account for de-
cision dynamics over time (top panel) and how they relate
support for one choice alternative (blue) to other alternatives
(bottom panel; orange). Both models posit that evidence for
a distribution of choice options is represented as an evidence
state, and that evidence accumulates over time as a decision-
maker gathers information from the stimulus during the de-



CONTINUOUS SIMILARITY 3

liberation period. Both models also agree that a decision is
terminated at the moment in time when the amount of ev-
idence for a choice exceeds a threshold. At a high level,
their search, stopping, and decision rules are all the same
(Weitzman, 1979; Gigerenzer et al., 1999) and so these con-
ventional elements used to characterize discrete choice mod-
els cannot sufficiently distinguish between them. Instead,
we have to look at characteristics that are unique to multi-
alternative and continuous models — namely, how evidence
for one response option in the choice set affects evidence for
other response options.

Despite the apparent similarities, the models differ in sev-
eral critical ways that affect both their practical and theoret-
ical utility. The CDM has analytic solutions that allow us
to easily compute the likelihood of the data given different
values of its parameters (such as drift, diffusion, threshold —
outlined in detail below). The likelihood covers a continuous
span of both responses on the continuum and their associated
response times. However, the CDM cannot predict multi-
modal distributions of responses, where selections are clus-
tered in more than one main area, from a single drift rate.
These types of distributions appear in continuous response
tasks when the stimulus consists of a display with multiple
targets (Ratcliff, 2018) or when there is conflict between two
sources of information such as a stimulus and a predecision
cue (Kvam, 2019b) or multiple simultaneous cues (Ratcliff,
2018, Experiment 6).

It is important to note that the CDM can produce multi-
modal distributions of responses across trials by allowing the
drift vector to vary from trial to trial, as in work by Kvam
(2019b) and Smith et al. (2020). Its main limitation in this
respect is that these distributions cannot be produced by a
single drift vector. Naturally, a mixture of different drift
rates across trials can produce multimodality. If a partici-
pant is driven toward responses in one direction (north) for
one type of stimulus or on some proportion of trials and
driven toward responses in another direction (east) for an-
other type of stimulus / proportion of trials, then the overall
distribution of responses can be multimodal (north and east,
as opposed to northeast for a single drift). Whether the drift
should vary across trials in principle, and what form such
variability should take, are broader issues that must be re-
solved with domain-specific theory (see Jones & Dzhafarov,
2014; Heathcote et al., 2014; Smith et al., 2014). Whether
a model with drift variability can accommodate multimodal
distributions will depend heavily on the distribution of drifts
— for example, a unimodal Gaussian distribution on drift vec-
tors is much less likely to generate multimodality than a mix-
ture distribution of two Gaussians.

For the present purposes, we operate under the assump-
tion that it ought to be possible to generate multimodal dis-
tributions of responses from a single drift. Multimodal dis-
tributions and the relative concentration of responses at dif-

ferent modes are often theoretically important, as they reflect
potentially interesting properties of the generative process.
For example, Dowd & Golomb (2019) showed continuous
reports of spatial locations in a feature-binding task that were
distributed with multiple modes — one at the correct target
location and other smaller but substantial modes at impor-
tant nontarget locations in the display (see Dowd & Golomb,
2019, Figure 5). The concentration of responses around
each of the modes reflected different types of binding errors,
meaning that a plausible model must reflect not only the mul-
timodality of the response distributions but also the relative
prevalence of responses at each mode. The fact that peo-
ple do not integrate these disparate sources of information,
where integration would result in a ‘compromise’ response
somewhere in between the conflicting sources, reflects com-
petition between options where one alternative can compete
with information favoring another in the set.

Conversely, the SCDM has no trouble predicting multi-
modal response distributions from a single drift vector (e.g.,
Ratcliff, 2018, , Experiment 6), but doing so comes at a cost.
The SCDM models the evidence accumulation process using
a large set of accumulators that each correspond to a unique
response, discretizing the continuous space into a finite num-
ber of separate locations (dots in the top right panel of Figure
1). As opposed to the CDM, which has analytic solutions and
a single accumulator, the likelihood of different responses
predicted by the SCDM must be computed by simulating the
evolution of a pool of accumulators. There is nothing in-
herently wrong with simulated models or approximations to
a continuous process, but there is a computational cost ac-
companying the increase in model complexity. As a result,
a researcher is left with the predicament of determining the
degree to which they are willing to compromise between fi-
delity (high number of accumulators / states) and practical-
ity (reasonable fitting times). Simulating a larger number of
states will result in a finer approximation of continuity, but
will naturally demand more computational resources. As we
develop the geometric similarity representation model, we
show how it can alleviate some of the computational de-
mands of the SCDM by condensing the (correlated) infor-
mation stored across many accumulators into a single state
representation of the evidence a decision maker accumulates.
This makes simulation less cumbersome, and it builds repre-
sentations of similarity into the model in terms of converging
representations of response options (similar alternatives) as
opposed to redundancy between different pools of evidence
(correlated accumulators).

The Circular Diffusion Model

In the CDM, the evidence state is represented as a point
located on the interior of a circle, where each point on the
circle corresponds to a response alternative (e.g., 0-360 de-
grees for a motion stimulus). The state describes the degree
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of support for each option by how close it is to the location of
the response option on the circle. A neutral state for a start-
ing point would therefore be in the middle of the circle. As a
person gathers information from the stimulus favoring differ-
ent response options, their evidence state moves toward the
response options supported by the incoming evidence. This
updating process continues until the state crosses the bound-
ary of the circle at a particular point. The point at which the
state crosses determines the outcome of the decision, trigger-
ing a response in favor of the response option corresponding
to the location on the circle where the state crossed.

The evidence accumulation process is specified by five
main parameters as illustrated in Figure 1: (1) the initial state
/ starting point (s) which indicates what options are favored
before the decision making begins gathering evidence; (2)
the average direction that the state moves over time (drift di-
rection ;. ), usually given by the properties of the stimulus;
(3) the rate at which it moves in this direction over time, indi-
cating the strength of incoming information (drift magnitude
|u]); (4) the noise in the evidence accumulation process, or
rate at which random information is sampled (diffusion rate
o,); and (5) the amount of information needed to make a de-
cision favoring one of the response options, describing the ra-
dius of the circle of response options (threshold 0). Together,
these parameters shape how the state unfolds over time and,
as a consequence, the predicted distribution of responses and
response times.

Formal specification

Formally, the state is represented as a two-dimensional
vector s(¢) that describes its position on a plane for any given
time ¢ > 0. At the beginning of a trial, #y = 0, the state typi-
cally begins at the origin, s(0) = [0,0]. One can assume that
5(0) is randomly initialized according to a zero-centered dis-
tribution, but this makes the analytic likelihood much more
difficult to evaluate (see Smith, 2016, Equation 32). Alter-
natively, to incorporate a starting point bias (i.e., s(0) # 0),
a modeler can use simulation-based methods to compute the
likelihood (Turner & Sederberg, 2014; Turner & Van Zandt,
2018). Hence, while the CDM can incorporate both start-
ing point bias and between-trial variability in starting point,
additional computational expenses are needed, either in the
form of integrating out starting point variability or moving to
a simulation-based protocol for fitting the model to data. The
latter approach is fortunately not too strenuous, as we show
in the comparison section below.

The evidence state is updated over time according to dy-
namics set out by the drift and diffusion parameters. As
with the unidimensional diffusion model, it can be approx-
imated by a discrete-time random walk. In such a case, at
each time step, a bivariate normal random variable is drawn,
8(t) ~ N(u,62), where the drift  is a 2-dimensional vector
[u1,u2] and 62 is the noise or diffusion rate. The drift can also

be represented in terms of a direction ug;, = tan~(u/uy)

u3 + 13 (i.e., ¢ and r in polar coordi-
nates from x and y motion in Cartesian coordinates). Because
the CDM does not assume covariance between noise in the x
and y directions, a modeler can simply draw a normal random
variable 8;(t) ~ N (u1,62) for the motion in the x direction
and another normal random variable &, (¢) ~ A (u2,62) for
motion in the y direction. The state is then updated at each
step by simply adding this new evidence:

s(t+Ar) = s(r) +8(Ar) - VA (1)

and magnitude |u| =

As the step size (v/Ar) and time between steps (Ar) approach
zero, this will generate a continuous two-dimensional dif-
fusion process. The decision process terminates when it
crosses the circular boundary surrounding the origin — spec-
ified with radius 6 — and a response corresponding to the lo-
cation of the evidence state is made.

The biggest advantage of the CDM is in its elegance:
Smith (2016) develops the differential equation and solu-
tions for the resulting continuous-time process, providing an
analytic solution for the first-passage distribution of hitting
times. The resulting dynamics of the CDM yield a joint prob-
ability density for a particular response x and response time
tas

Pr(Response = x,RT = t|u,6,0,1yp) =
B(u1 cos(x) +pnsin(x))  |u*( —tnp)
P ( - ) )

o2 262
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The vector u = [uy,u]7 specifies the direction and magni-
tude of accumulation, where its length ||u|| describes the
overall rate of accumulation and the balance between u; and
o determines the direction as g = tan~!(up /u1). Conse-
quently the drift can also be easily represented in terms of
polar coordinates, radius ||u|| and angle .

In the equation above, the function J(-) is a first-order
Bessel function of the first kind, and the elements jj; are
the zeros of the zero-order Bessel function of the first kind.
Bessel functions and their zeros tend to appear in the equa-
tions for functions defined on a circle, as they allow the func-
tion to decrease from a central location but (like sine and co-
sine) wrap at 360 degrees around the circle. The ones used
here have an integer as an order and are therefore sometimes
referred to as cylindrical functions or harmonics; as their
name suggests, these are used to describe distributions where
at least one of the coordinates is circular as in cylindrical or
spherical coordinate systems. The series Y j_; computes and
evaluates the function for the first n zeros. The true like-
lihood is given by an infinite series, n = oo, but this series
can be well approximated in practice with n = 50 to n = 150
(Kvam, 2019b; Smith & Corbett, 2018).
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The circular diffusion model has since been extended to
modeling responses and response times on a sphere or hy-
persphere (Corbett & Smith, 2020), where the distribution of
responses appears to follow a multidimensional von Mises-
Fisher distribution. This development is particularly impor-
tant for the geometric similarity approach we present here,
where evidence accumulation unfolds in a multidimensional
space. Indeed, the geometric similarity representation model
uses the same state representation and stopping rule as the
hyperspherical diffusion model, meaning that the distribution
of response times that it predicts will be identical. The main
change to the circular / hyperspherical diffusion model is in
how response options are represented relative to one another,
building representations of similarity into the dynamic deci-
sion making process.

Similarity rule

In the case of the circular diffusion model, we can natu-
rally think of the similarity between representations in terms
of spatial distances — the closer together two response op-
tions are on the circle, the more similar they appear to the
decision-maker (Smith, 2019). This applies to the evidence
state as well — how well a body of evidence aligns with a
particular response alternative can be computed by literally
examining the alignment between the state and the response
by evaluating the angle between them. Stronger evidence fa-
voring a response alternative will move it farther away from
the center, meaning that two main factors determining the
degree of support for a response option are the distance of
the evidence state from the origin and the alignment of the
evidence state with the response alternative. Thus, the sup-
port for a particular response at a particular point in time is
computed by taking the component of the state relative to
the response. Similarly, the degree of similarity between two
response options can be computed by taking the component
of one response relative to the other (Kvam, 2019a).

In accordance with this, the similarity between two alter-
natives in a continuous set is given by the cosine of the an-
gle between them (dissimilarity can be quantified by the sine
of the angle between them). The evidence that information
favoring one alternative A shares with another alternative B
in the choice set, Ev(A,B), is a function of the alignment
between A and B (v4 and vp for alternatives A and B, re-
spectively):

Ev(A,B) = cos({AB) = v, - Vg 3

Here, v4 is the unit-length vector describing alternative A.
For example, motion direction on a circle might assign the
vector v4 = [1,0] to rightward motion or v4 = [V/.5, /5]
to motion at 45 degrees. Then vg is the unit-length vector
describing alternative B, and £AB is the angle between them
(45 degrees or /4 radians, cos(£AB) =~ 0.71).

The issue that prevents the standard CDM from generat-
ing multimodal distributions of responses with a single drift
vector is that any time there are response options located at
every point on the circle (or hypersphere), a combination of
evidence for two alternatives along the continuum will result
in more evidence for another alternative in the set. Figure 2
illustrates how evidence for two options can be combined by
adding them together. When we combine evidence for alter-
natives A (blue) and alternative B (orange), we do not obtain
a multimodal distribution, but rather a unimodal distribution
with its mean between alternatives A and B. This is because
of the cosine similarity rule implemented in the CDM: the
sum of evidence for response options between A and B is
greater than either the sum of evidence for A or the sum of
evidence for B. Therefore, the overall sum of evidence from
the two sources winds up being concentrated somewhere in
the middle.

05F A&B
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Figure 2

Distributions of evidence arising from combining two sepa-
rate information sources, A and B, for the different models.
This necessarily creates a unimodal distribution in the CDM
(top) whereas it can create multimodal distributions in the
SCDM or GSR model (bottom). CDM: Circular Diffusion
Model. SCDM: Spatially Continuous Diffusion Model. GSR:
Geometric Similarity Representation.
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For example, take two sources of two-dimensional mo-
tion information: one favoring motion at O degrees / east,
vg = [1,0], and one favoring motion at 135 degrees / north-
west, vyw = [— V.5, v/.5]. If these two sources of infor-
mation are evenly weighted, the vector sum will be approxi-
mately vg yw = [0.29,0.71], or motion toward 67.5 degrees /
north-northeast. Naturally, this is a compromise between the
two input vectors, and feeding vg yw into an accumulation
process (Equation 1) will result in a unimodal distribution
centered on 67.5 degrees rather than a multimodal distribu-
tion with modes at 0 and 135 degrees. This will happen with
any circular arrangement of alternatives in two dimensions:
there is always a ‘compromise’ alternative situated exactly
between the two competing sources of information, with the
rare exception of cases where they are perfectly opposite one
another, in which case there exist two compromises.

As we show below, there is a way to solve the merged
evidence issue discussed above by constructing a higher-
dimensional representation of alternatives. When a two-
dimensional span of alternatives is represented in three or
more dimensions, it becomes possible to create a multimodal
distribution of evidence, and thus create a multimodal dis-
tribution of responses from a single drift. This occurs be-
cause there are not any response options “in between” every
pair of response options — formally, for any pair of points on
the hypersphere, there is not necessarily another point on the
geodesic between them that corresponds to another response
alternative. We show how to do this in the Model Synthesis
section, taking the similarity rule from the SCDM and inte-
grating it into the representation of alternatives in the CDM
to form a new geometric model that inherits advantages of
both approaches.

Spatially continuous diffusion model

The spatially continuous diffusion model (SCDM) takes
a slightly different approach to modeling evidence accumu-
lation in selections along a continuum of response options.
Rather than using a single two-dimensional position to rep-
resent the evidence for a variety of responses on the circle,
it allocates a separate accumulator to each possible response
that a decision maker could select. These accumulators in-
crease or decrease over time as new evidence is gathered, and
the first accumulator to exceed the threshold 6 determines
what response is made. Naturally, it is impossible to repre-
sent a continuous span of responses in terms of a finite set
of accumulators, so this model provides an approximation of
the response space. The granularity of the model, in terms
of how closely it approximates the continuum, is determined
by the number of accumulators. An increase in the number
of accumulators results in a more complex and more contin-
uous representation of evidence, along with an increase in
the computational demands of the model. Hence, using the
SCDM involves an important trade-off: more accumulators

allow better approximations of a continuous representation
of evidence, but each additional accumulator creates greater
computational complexity and makes the model more diffi-
cult to use.

The use of many accumulators also comes with an addi-
tional challenge — namely, how to specify how all of the ac-
cumulators change over time. In a typical racing accumulator
model, each accumulator can have its own drift and diffusion
rate, and sometimes its own threshold (Brown et al., 2008).
The SCDM sidesteps the problem of specifying a large num-
ber of accumulators to some extent by representing response
options with a Gaussian process, where the evidence in each
accumulator is constrained to follow a multivariate normal
distribution. The Gaussian process approach induces correla-
tions between the accumulators such that information favor-
ing one response in the set provides evidence for other nearby
alternatives as well. In practice, most stimuli feature only a
limited number of targets and distractors, meaning that there
are a limited number of drift and diffusion rates that must be
parameterized. Although there are exceptions like the sinu-
soidal threshold used in color identifications (Ratcliff, 2018),
each accumulator in the SCDM also typically has the same
threshold. In many ways this brings the SCDM into align-
ment with the CDM, as it has a primary target accumulator
(drift direction) with a unique accumulator rate (drift rate),
distractor accumulators and noise processes in accumulation
(diffusion), and a level of support needed to generate a re-
sponse for a particular option (threshold).

Despite these overlapping mechanisms, the SCDM adds
one critical element that makes it unique from the CDM. In-
stead of arranging the choice options in a circle and using a
cosine distribution to represent support for the response op-
tions (Figure 1, left) it uses a Gaussian process to represent
the distribution of evidence (Figure 1, right). This means
that a kernel is used to relate changes in evidence in one ac-
cumulator onto changes in evidence in other accumulators,
representing the distribution of evidence across accumula-
tors as a multivariate normal random variable. We detail how
this is carried out formally below, but essentially the amount
of support that information favoring option A on the contin-
uum provides for another option / accumulator B is based
on the height of a normal distribution, with mean centered at
A and standard deviation G, at the location of accumulator
B. The addition of the parameter 6, allows the SCDM to
produce multimodal distributions of evidence and thus mul-
timodal distributions of responses from a single drift vector.
Although this feature makes the SCDM more capable of cap-
turing real empirical data, it increases the model’s complex-
ity, both in terms of the computational cost (i.e., simulation
time) and model flexibility (i.e., the range of data the model
is able to fit).
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Formal specification

The initial state in the SCDM is s(0), an n-dimensional
state where n is the number of accumulators that a modeler
has chosen to use. As in the CDM, an unbiased initial state
is realized by setting all entries of s(0) equal to zero. As
the decision-maker accumulates information over time, their
state at time ¢ will be reflected by updating s(0) to the n-
dimensional vector s(¢). The evidence accumulation process
unfolds according to the dynamics specified by the drift vec-
tor u and noise / diffusion parameter Gy, as well as the covari-
ance across the different accumulators, specified by a kernel
with free parameter G,.

At each time step, a multivariate normal random variable
S(t) ~ N (u,K) is drawn, where p is a vector describing the
average drift for each accumulator and K is the covariance
matrix across accumulators (specified in Equation 5 below)
with the main diagonal describing the within-accumulator
noise at each time step (62). The vector 8(¢) describes how
the state changes from one time step to the next, and it is
added to the state at time 7 to compute the state at time ¢ + A:

si(t) +5,-(At))

n

s+ ) = s(0) +8(a0) — ¥ )

The far right-hand term is a normalization factor that sets the
sum of evidence across all of the states to be equal to zero by
subtracting the mean level of evidence across all accumula-
tors from each individual accumulator.

The process of drawing a new multivariate normal ran-
dom variable, adding it to the current state, and normalizing
the state is repeated to calculate s(z + 2Ar), s(r + 3Ar), and
so on until one of the accumulators exceeds the threshold
0. Once one of the accumulators reaches the threshold, the
corresponding alternative is chosen and the response time is
calculated as a linear function of the number of steps it took
to finish. For example, if it took 75 steps to finish, assuming
each step took 10 ms, then the response time would be 750
ms plus the non-decision time.

Similarity rule

As we suggested, the main difference between the CDM
and SCDM is in the similarity rule, depicted in the bottom
panels of Figure 1. Whereas the CDM uses cosine similar-
ity to map evidence for one response option onto the others
along the circle, the SCDM (typically) uses a Gaussian distri-
bution to map evidence stored in one accumulator onto sup-
port for the other accumulators and response options. When
combining two of these distributions, the SCDM can have
multiple modes to the aggregate distribution of evidence as
long as the two distributions are sufficiently far apart, but this
cannot occur for the CDM because the cosine rule does not
allow for the distributions to be sufficiently far apart (because
of the wrapping incurred from the circular representation of

responses). Figure 2 illustrates this difference by comparing
the aggregation process of these two approaches.

Formally, similarity in the SCDM is computed using a
Gaussian / squared exponential kernel function to compute
the degree of evidence sharing between options Ev(A,B)
from the distance between them:

(La —Lg)* )

Ev(A,B) :exp(f p
c

4)
where L4 and Lg denote the locations of alternatives A and B.
These could be locations along a line, or a two-dimensional
grid, or three dimensional psychological space generated
from multidimensional scaling. The key here is that the ker-
nel takes the Euclidean distance between two alternatives and
turns them into a similarity relation between 0 and 1.

The bottom right panel of Figure 1 illustrates the similarity
rule of SCDM. Critically, the SCDM incorporates an addi-
tional free parameter 6. > 0 into its similarity metric, giving
it greater flexibility in how evidence should be mapped from
one alternative to another. A smaller value for G, results in a
stricter similarity relation, making nearby alternatives appear
more different from one another, whereas a larger value for
G, results in a more lenient rule, making alternatives appear
more similar and thus causing evidence for one alternative
to affect a wider spread of nearby alternatives. As a result,
greater G, creates a smoother pattern of tightly related accu-
mulators in the SCDM, whereas smaller 6, creates a rougher
pattern of more independent accumulators. The covariance
matrix K is determined by calculating all pairwise distances
between the accumulators, and evaluating their psychologi-
cal similarity by calculating Equation 5 for each accumula-
tor. If we denote the set of all pairwise (Euclidean) distances
between the accumulators D, then the covariance matrix K is

calculated as
D2

Kfexp( Gg). (6)
The relation of the value of 6, to the width of the span of
alternatives is determined by the degree of multimodality in
the distribution of evidence and thus the distribution of re-
sponses. In the Appendix, we provide a formula specifying
how many possible modes the model can produce based on
the values of ..

Notably, parameter estimates of G, (covariance between
adjacent states) and o, (diffusion / noise parameter) are
highly correlated in the SCDM and they tend to produce
similar changes in the distributions of responses, as shown
in Figure A2 of Ratcliff (2018). Thus, greater values of G,
will decrease the prevalence of multimodality in the response
distributions.

The Geometric Similarity Representation Model

The CDM and the SCDM each provide unique benefits
to a researcher seeking to account for behavior in continu-
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ous response tasks, with the former bringing simplicity and
tractability and the latter bringing greater flexibility (such as
accounting for non-circular responses) and a capacity to ac-
count for multimodality with a single drift vector. In this
section, our goal is to provide a bridge between the two
models by generalizing the CDM to allow for psychologi-
cal similarity among sets of response options. Our gener-
alization enables the model to parsimoniously account for
multimodal response patterns, while also condensing the cor-
relation structure across accumulators in the SCDM, mak-
ing it more wieldy and more efficient to simulate. We can
accomplish these goals by putting the models together in a
common framework. The geometric approach proposed by
Kvam (2019a) offers the capacity to evaluate the two mod-
els through a single lens, evaluating how each model repre-
sents similarity in order to construct a tractable but effective
approach to modeling continuous responses and associated
response times.

The geometric approach evaluates models in terms of how
they represent information for different options, how incom-
ing information is mapped onto those options, and what rules
trigger a response in favor of an alternative. The CDM and
SCDM models overlap almost entirely in terms of how they
account for the accumulation and decision making steps —
evidence is mapped onto alternatives in the choice set as new
information is gathered from the stimulus, and once one of
the response alternatives reaches a critical level of support
(threshold), it is chosen. The key difference, as we have high-
lighted, comes from the similarity rule that relates evidence
for one choice option to evidence for the others.

In the next sections, we leverage the geometric similarity
approach to develop a new model — which we call the Geo-
metric Similarity Representation (GSR) — that puts together
the benefits of the CDM and the SCDM. First, we use the ge-
ometric approach to synthesize the similarity rules used by
the CDM and SCDM, and show that the similarity structure
can be expressed more generally to allow flexible interplay
between the two models of continuous report. This model
can be viewed as an extension of the hyperspherical diffusion
model (Smith & Corbett, 2018) where responses lie on only a
subset of the surface of the hypersphere. Second, we discuss
the evidence accumulation dynamics in the GSR model, and
make the mathematical details of the model explicit. Finally,
we illustrate the model in three simple examples.

Similarity of Response Options: A Synthesis

In a sense, we can view the CDM as a two-dimensional
(or multidimensional, as in Smith & Corbett, 2018) model
where all the response options are located on the surface of a
circle (hypersphere), and the support different responses pro-
vide for one another is related with a cosine rule as in Equa-
tion 3. Conversely, the SCDM is an n-dimensional model
where all of the n response options are represented sepa-

rately, but incoming evidence is correlated across dimen-
sions. In essence, what we need to do to go from one op-
tion to the other is (1) dimension reduction, and (2) turn cor-
related evidence (across accumulators) into correlated rep-
resentations (across alternatives) by arranging them at non-
orthogonal angles relative to one another. The fields of psy-
chology and data science more generally offer a variety of
tools for dimension reduction, which allows us to perform
this mapping. We pursue a basic multidimensional scaling
approach here (Shepard, 1962), but spherical multidimen-
sional scaling (Cox & Cox, 1991), factor analysis, or other
decompositions could certainly be implemented for the di-
mension reduction steps discussed below.

First, we focus on how to turn the similarity rule from the
SCDM, which creates correlated accumulators, to the simi-
larity rule that can be implemented in fewer dimensions as
part of the CDM. Because both models provide a similar-
ity metric that explains how evidence for one alternative af-
fects evidence for other alternatives in the continuum, we can
connect them together by setting the right-hand terms from
Equations 3 and 5 equal to one another. Given the angles
corresponding to option A (a) and option B (b) on a circle,
or their locations in a Cartesian coordinate space, the amount
of evidence that information favoring B provides for A is

_p2
cos(&AB)exp(a b|> (7

2
O¢

Inverting the cosine transformation on both sides of the
equation produces the formula for going from the kernel-
based similarity rule to an angle-based similarity:

2
LAB = cos™! <exp {%}) )

This simple transformation allows a researcher to map the
similarity relations specified by the free parameter G, in the
SCDM onto cosine similarity relations that can be incorpo-
rated within a model like the CDM.

The relation between the squared exponential similarity
metric in the SCDM and the cosine similarity metric in Equa-
tion 8 allows us to connect the structures of the two models.
Even if another kernel is used in the SCDM - substituted into
Equation 5 in place of the squared exponential / Gaussian
similarity rule — it can be translated into the cosine similarity
relation by inserting the kernel function into the right side of
Equation 8.

The key difference between the CDM and models con-
structed by translating the similarity rule is that the set of
angles generated from Equation 8 can almost never be per-
fectly represented in just two dimensions. Instead, the set of
angles between alternatives must be translated into a multidi-
mensional representation of the choice options. Fortunately,
the tools to create a GSR model from dimension reduction of
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the SCDM are already well-established in cognitive science
and psychology. Because of its simplicity and wide use, we
implement this construction using multidimensional scaling
(Kruskal, 1964), but in principle many algorithms for turn-
ing pairwise differences into vector space relations — such
as other approaches relying on singular value decomposition
or machine learning clustering methods — could be applied
to produce similar results. Specifically, we use non-classical
multidimensional scaling that minimizes the stress metric re-
flecting the difference between a nonparametric, monotonic
transformation of the pairwise differences between points
(locations of accumulators in the SCDM) and the Euclidean
distances between their multidimensional representations.

The goal of the multidimensional scaling procedure is to
take the set of pairwise similarities among the response op-
tions, and use these pairwise similarities to arrange them
spatially. Response options that are more similar should be
closer together, and ones that are more dissimilar should be
farther apart. For example, the multidimensional scaling rep-
resentation of color hues often follows a circle or sphere,
where purple/red hues are close to one another, green/blue
hues are close together, and opposing hues like blue/yellow
and red/green are on opposing sides of the circle. The ar-
rangement of options in multidimensional scaling is deter-
mined by first transforming the similarities between options
into distances, where the (Euclidean) distance between two
options is inversely proportional to their related similarity.
The algorithm then takes these distances and tries to “match”
them as closely as possible while situating all of the response
options in a d-dimensional space. More dimensions (higher
d) allows the multidimensional scaling procedure to more
closely represent these distances: imagine trying to represent
colors on a line / one dimension as opposed to a circle / two
dimensions — the two dimensional representation is “closer”
to what we might imagine the subjective representation is. A
very high-dimensional representation is likely to reproduce
the subjective similarities between options very well, but it
means that our model is more complex. We can use lower-
dimensional representations to simplify the model and gen-
erate a more parsimonious account of how the choice options
are represented psychologically. The goal of the GSR model
is to condense the similarities among all response options
into a simple psychological representation that is likely to
correspond to our subjective experiences.

Formally, we take a set of locations X = {x;,x2,...} of
alternatives / accumulators from the SCDM and compute all
pairwise distances among them (just as we did to compute D
in the SCDM above). Applying the kernel function gives us
the covariance matrix K using Equation 6, again the same as
in the SCDM. This gives us the angle cosines. For multidi-
mensional scaling, we want the actual metric distances be-
tween points. This is given by computing the chord between
each pair of points, which is given as twice the sine of half

the angle. The metric distance m between two points i and j
describing choice options is thus given as

ml.J:ZSin{COS_I [CXP<|)Ci;;j|)}/2} 9)

= 2sin(cos ' (K (i, ))/2)

Multidimensional scaling can then take a full dissimilar-
ity matrix M (with entries m; ;) and transform it into a set
of points ¥ = {yj,y2,...} in d dimensions. We can arbitrate
between different numbers of dimensions either a priori or by
model comparison, if necessary. To set d a priori, the number
of dimensions required can be inferred from the value of G,
relative to the span of the alternatives, as described in the
Appendix. The new representation Y of alternatives leads
us to a novel extension of the circular diffusion model based
on the similarity rule of the SCDM. Because the covariance
structure of the SCDM is integrated into the representation of
alternatives, rather than the evidence accumulation process,
the dynamics of the GSR model are vastly simpler and more
computationally tractable. It also uses d. dimensions, which
in practice will always be fewer than the number of accumu-
lators (and therefore dimensions) required to implement the
SCDM.

Conceptually, what the GSR does is takes information
that is represented in correlations between accumulators and
transforms it into similarity in the representations of response
options. If we have a priori similarities between response
options, such as those generated from confusion matrices or
similarity ratings (Shepard, 1962), then they can be built into
the model through the multidimensional scaling procedure as
well. Another advantage of this approach is that the result-
ing GSR model produces a truly continuous distribution of
responses, meaning that we no longer have to worry about
whether the number of accumulators is sufficiently granular
to approximate the continuous space of responses, as in the
SCDM.

Representation and dynamics

The representation of alternatives Y is given by the result
of the multidimensional scaling procedure, giving us a con-
densed representation of the information that is contained in
the accumulators of the SCDM. This also allows us to go
back to the continuum of response options: we can compute
the support for any alternative in the set by seeing where it
would be represented relative to the response options we re-
scaled in the multidimensional scaling procedure. For exam-
ple, motion at 34.5 degrees — if the set of points was 0, 1, ...,
360 degrees — can be computed as a weighted sum of vectors

IIn MATLARB, this can be done using the mdscale function and
in R, it can implemented using isomds in the MASS package. Clas-
sical multidimensional scaling can be implemented using cmdscale
in both languages.
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for 34 and 35 degrees. This allows the decision maker to
gather support for options that are not in the finite set of op-
tions used in the multidimensional scaling procedure, instead
representing evidence for the complete continuum of options
they have available to them.

For cases where multiple sources of information drive
the evidence accumulation process, the overall accumula-
tion process can be computed by simply summing all of the
sources of evidence together. Formally, this is calculated as
the sum of vectors specifying the drifts for all of the cues
and items in a stimulus display — everything that a partic-
ipant considers on a single trial. This yields a single drift
vector describing the average direction and rate of evidence
accumulation for a given trial.

The drift vector u and the diffusuion / noise G5 spec-
ify how a decision maker’s state changes over time. They
accumulate information until their state crosses the surface
of a hypersphere, exactly as in the hyperspherical diffusion
model (Smith & Corbett, 2018). The resulting sum of mul-
tiple processes for the GSR model is shown in the bottom
panel of Figure 2 — it mimics perfectly the multimodal shape
of combined distribution of two sources of evidence from
the SCDM. As illustrated, this approach can thus create mul-
timodal distributions of responses from a single drift rate as
long as there are sufficient dimensions in the representation
space and as long as the two sources of information do not
indicate response options that are too close together (which
corresponds to the empirical observation that multimodality
disappears when the locations driving accumulation are close
together; see Kvam (2019b), Figure 5).

To assist in understanding how the GSR works in different
types of choices scenarios, we first provide its formal spec-
ification and then walk through three example implementa-
tions. For readers who learn better by following along with
model scripts, we provide MATLAB code for each of these
examples on the Open Science Framework at osf.io/zbyps.

Formal specification of the GSR model

The evidence state at time ¢ is represented as a d-
dimensional vector s(¢). At time ¢ = 0 it might typically be-
gin at point s(0) = [0,0,...,0], though it is possible to insert
bias toward certain alternatives by setting s(0) to some value
other than zero.

As before, the dynamics of the evidence accumulation
process in the GSR model are given by the drift u and dif-
fusion o,. The drift u is a d-dimensional vector that can be
specified either by d Cartesian coordinates or by d — 1 polar
angles and a magnitude (as in Smith & Corbett, 2018, Equa-
tion 3). For a particular stimulus, the drift direction can be
specified by taking the stimulus and interpolating its location
on the hypersphere from vectors describing neighboring di-
rections. This interpolation process is demonstrated in the
example code provided at osf.io/zbyps. Putting the stimulus

direction dy;,, (in Cartesian coordinates) together with a drift
rate |u| gives us the overall drift, u = || - dyim-

At each time step, a multivariate normal random variable
is drawn based on these parameters, 3(At) ~ A (u,62) and
added to the state to calculate the evidence distribution at
the next time point s(t +A) as in Equation 1. Note that this
evidence distribution is equivalent to drawing d normal ran-
dom variables with mean specified by u and variance 63, as
there is no covariance between evidence accumulated along
the various dimensions. Naturally, as with the CDM, the evi-
dence accumulation process will approach a continuous-time
multidimensional Wiener process as Ar — 0. As a result,
the GSR model removes the main source of computational
complexity from the SCDM (i.e., correlated accumulators)
by building the evidence covariance structure entirely into
the representation of alternatives.

The evidence accumulation process halts and an alterna-
tive is chosen as soon as the state s(¢) is sufficiently far from
the origin, as in the CDM. In the original case, this condition
is met when the squared x and y components of the state ex-
ceed the squared threshold (s (¢)? + sy()> > 6?). The stop-
ping rule is the same as before — once the state is at least 0
away from the origin, the process halts. In a larger number
of dimensions, this stopping rule will be ¥ ;s5;(t)* > 6% or
simply s(¢)]] > .

In many ways, the GSR model’s stopping rule is similar to
the rule in the CDM and SCDM in that it will halt as soon as
evidence for any of the alternatives in the choice set exceeds
the threshold. In fact, the distribution of response times in
the GSR model will follow exactly the first-passage distri-
bution for hitting times on the hypersphere in d dimensions
derived by Smith & Corbett (2018), and the raw hitting lo-
cations will follow a von Mises-Fisher distribution (Kvam,
2019a).The key extension provided by the GSR model is that
not every hitting point on the hypersphere corresponds to a
unique response option. Instead, the distribution of hitting
points is re-mapped onto the set of response options by in-
terpolating the location of a response from the locations of a
more limited set of responses along the hypersphere.

As a consequence, the GSR model produces a contin-
uum of responses, including ones that are not included in the
discrete set of accumulators used in the SCDM. For exam-
ple, there could be one alternative A at [+/.8, v/.1, v/.1] and
another alternative B at [/.6, v/.2, v/.2], and the state s(r)
would halt when it crossed the sphere at [\ﬁ V.15, \/ﬁ]
if 8 = 1. Even though it does not exactly match response
A or response B, this response can still be mapped onto a
continuous response by gauging its distance to each one and
interpolating to obtain the value of the response.” Assum-

ZMore sophisticated methods of interpolation can be used to do
this, but simple linear interpolation tends to work suitably well as
long as a reasonably sized set of points is used to compute the mul-
tidimensional scaling solution. In our experience, S0 points for a
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ing A and B are the nearest two points in the set, the point
s(t) =[v/.7, V15, v/.15] should be mapped onto a response
exactly between them. In this case, if A corresponds to a re-
sponse at 6 degrees and B a response at 10 degrees, then s(t)
would naturally generate a response at 8 degrees. It is critical
to note that this interpolation only results in a “compromise”
alternative being selected if the two representation points are
adjacent — it does not remove the model’s ability to generate
multimodal distributions of responses.

Example Implementations

With technical models like these, it can be helpful to
provide some example applications. We now provide three
worked examples of the GSR model to illustrate its gener-
ality. The first example focuses on situations in which the
response options are wrapped along a disc, much like the
most-studied applications of the CDM. The second example
focuses on situations where choices are made in a bounded,
two-dimensional plane, as in the Gaussian field implementa-
tion of the SCDM. The third example looks at a case where
the GSR is uniquely well-suited, where there is a nonlinear
relationship between the physical stimuli and their subjective
psychological representations. Code in both MATLAB and
R are provided in an online repository: osf.io/zbyps.

Example 1: Continuous choice among options wrapped
along a disc

Selection among color options has rapidly become one of
the most common applications of continuous response mod-
els (Awh et al., 2007; Ratcliff, 2018; Smith et al., 2020), and
the hue color wheel provides a natural testbed for illustrat-
ing the advantages of the GSR model. Suppose that were
are determining which hue on the color wheel is most com-
mon in a display of colored dots. A participant must look
at the stimulus, identify the dot color that is most common,
and map the perceptual affect of the colored dot display into
a response on the hue color wheel. An example stimulus is
shown in the top-left panel of Figure 3. To illustrate the prob-
lem of multimodality, suppose a stimulus is shown consisting
of two prominent dot colors — violet and green. We would in
an ordinary experiment expect responses to be concentrated
with two modes, one centered on violet, and another cen-
tered on green. Hence, a desirable property of our model is
the production of multimodal response patterns in the color
selection for this stimulus.

To explain how patterns of continuous choice unfold, the
first step is to construct a representation of the choice op-
tions. To do so, we take a subset of possible responses —
such as the hues located at 0, 6, 12, 18, 24, ..., 354 degrees
on the color wheel — and compute the pairwise similarity
relations between them. We can take this set of 60 points
around the circle, with similarity kernel parameter 6, = .5,
feed them into Equation 9, and then use an multidimensional

scaling procedure to generate a set of points Y. We carried
this process out to create a five-dimensional representation of
the color hue wheel. We chose five dimensions because it is
at least sufficient to represent four dimensions of color plus
the degree of support needed to have appropriate resolution
for each color (Ekman, 1954).

The result of this procedure is shown in Figure 3, where
we show the first three dimensions along with the behavior
we would expect to observe if only 1, 2, or 3 dimensions of
the solution were used. In one dimension, the colors can only
vary along one axis, and so there will be complete confusion
between colors that do not vary on that axis. For example, if
the axis of variation is the blue-yellow axis, it will be difficult
to differentiate between red and green hues, as in red-green
colorblindness. The unidimensional representation must be
supplemented with additional dimensions to get meaningful
color hue responses.

A two-dimensional representation of the response options,
generated by projecting the five-dimensional color represen-
tation down into the first two dimensions, is shown in the
middle panels of Figure 3. This model follows the physi-
cal representation of hue, with green and violet on almost
opposite sides of the circular response space. Support for a
green response (A) is given by the component of the state
along a vector v4, while support for a violet response (B)
is given by the component of the state along a vector vp.
However, because both of these stimuli are present in the
display, the vector representing the overall drift for the trial,
vAp = v4 + vp points in between violet and green. There is
not a bimodal distribution because v4p points toward another
option on the hue color wheel, cyan. As a result, the two-
dimensional arrangement of response options cannot accom-
modate a bimodal distribution of responses.

The key to multi-modality becomes more evident in the
three-dimensional case, shown on the right side of Figure 3.
In three dimensions, the accumulation paths tend to hit the
response surface (i.e., stopping criterion) at a location that is
near both A and B. Critically, stopping locations do not need
to correspond directly to an alternative in the set; rather, they
can fall anywhere on the surface of the sphere and are then
mapped onto the nearest response. To determine a response,
one must determine which point on the color wheel (repre-
sented here as a warped circle wrapped around the sphere)
is nearest to the point at which the accumulation path hit the
outside of the sphere. In the three dimensional case, the near-
est points will tend to be associated with colors that are sim-
ilar in location to the points A and B, and so the distribution
of responses will be bimodal. Hence, as the complexity of
the representation increases, so too may the complexity of
the distribution of responses increase.

One way to grasp this is to literally draw an arc on
the circle between the two response options (referred to as

circle is usually more than enough.
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Diagram of a simple color task. The stimulus is shown at the top left, along with projections of a five-dimensional geometric
similarity representation into one (left), two (middle), and three (right) dimensions. The three dimensional model can create
multimodal responses for a single drift (violet / green), whereas lower dimensional models can only produce responses that
are a compromise between the two underlying stimulus colors (cyan / light blue).

a geodesic). In two dimensions, this arc passes directly
through many other response options. But in three dimen-
sions, the arc does not intersect any other responses, meaning
that one can gather evidence for a green and violet response
without providing support for a response at say, cyan. Hence,
the restriction that constrained the CDM to produce only uni-
modal distributions of responses is removed. Naturally, re-
sponses should be grouped with modes near green and cyan,
but the drift describing evidence accumulation should reflect
the true information that is gathered from the stimulus and
thus generate support for these two options. As with the
CDM, the simplest way to compute the evidence accumu-
lation dynamics is to compute the sum of vectors by adding
v4 (toward the green response) and vp (toward the violet re-
sponse) to compute v4p. Most responses driven by this ac-
cumulation process will fall near A and B, or along an arc
between them. We can observe this property by drawing an
arc on the sphere from one location to the other . The nearest
point to any location along this arc will be typically be close
to A or close to B. Therefore, slight deviations from the mid-
point of the geodesic (around v4p) will result in responses
that are closer to A (green) or B (violet) than to most of the
points between them. As a result, the distribution of support
generated by the stimulus will be a bimodal distribution of
responses as shown in the bottom right panel of Figure 3.

For simplicity, the mapping from hitting point to response

is done via linear interpolation as the precision is more than
sufficient for our purposes. This could easily be extended to
compute more precise distributions by a) adding more points
to the multidimensional scaling and interpolation set, or b)
using a more sophisticated interpolation algorithm such as
polynomial or spline-based methods. Approximate Bayesian
methods (Turner & Van Zandt, 2012; Turner & Sederberg,
2014; Turner & Van Zandt, 2018) that use model simulations
to approximate the likelihood function are actually quite
tractable in this case, as there are well-established algorithms
for efficiently drawing symmetric normally distributed ran-
dom variables that facilitate model simulation.

Readers interested in the exact technical details of
this example, or interested in programming up a similar
model themselves, can work their way through “Exam-
ple_ArcCircle” code (which can be adjusted to form an arc
or a full circle by changing the span of x) on the OSF site.

Example 2: Continuous choice among options arranged on
a two-dimensional plane

Although circular sets of response options are perhaps the
easiest to use, the GSR model can also be applied to multi-
dimensional, non-circular sets of response alternatives. For
example, the model could be used to explain the distribu-
tion of clicks on a computer screen (2 dimensions), locations
for spatial foraging tasks (2-3 dimensions), or any number
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of paradigms that require a decision maker to make a selec-
tion in continuous space. To illustrate how this can be done,
we provide an example implementation of the model applied
to a 2-dimensional response space. In these types of tasks,
participants might respond somewhere on a plane, such as
the screen of a computer or mobile device. The space of re-
sponse alternatives is shown at the top-left of Figure 4, with
two particular points in the space highlighted as A (yellow)
and B (blue).

In this example, the two-dimensional plane spans [0,1] in
the x-direction and [0,1] in the y-direction. Naturally, the
actual span of response locations may vary and the G, pa-
rameter will have to be set relative to the scale. To generate
the multidimensional scaling solution for this plane, we used
a 9x9 grid of points, labeled 1-81. The multidimensional
scaling solution was completed in 10 dimensions, which pro-
vided a reasonable approximation given the 6, value of 0.05.

To compute the multidimensional scaling solution, the
pairwise differences between all 81 points were computed
and turned into pairwise similarities. These similarity re-
lations were then used in the stress-based multidimensional
scaling procedure to yield a 10-dimensional solution. In turn,
the multidimensional scaling solution was used to construct
the decision space in which evidence accumulation unfolded.
As before, the evidence accumulation process used a single
accumulator that started at [0,0] and was pulled toward A and
B in directions v4 and vp, yielding a drift vector of v4p with
random noise in all dimensions determined by the diffusion
rate o;.

Once the distance from the origin exceeded the threshold
0, the process halted and the resulting state s was mapped
onto the nearest response by interpolating its position in the
grid from the nearest points of the multidimensional scaling
representation. Rather than just an angle, this gives us both
an x- and a y-coordinate corresponding to the response. Re-
peating this procedure many times results in a distribution of
responses like the one shown on the bottom right of Figure
4 — as we might expect, there is a high concentration of re-
sponses in regions around A and B, and this concentration
decreases as one moves away from either region.

Notably, the responses near A and B tend to be pulled
somewhat from being centered directly on their target loca-
tions toward responses near the edges of the scale. This is
because response alternatives that are grouped near the edge
of the grid have fewer ‘competitor’ states: when evidence is
accumulated in favor of a state near the edge (where there are
nearby states on only 2-3 sides), the summed covariance with
nearby states is lower than if evidence is accumulated in fa-
vor of a state near the middle of the scale (where it has neigh-
boring responses on all 4 sides). As a result, evidence for
options near the edges of the plane tends to accumulate more
quickly than for those toward the middle. This allows the
model to generate faster and more accurate responses when

the target is toward the edges of a scale. Naturally, this effect
constitutes a testable prediction of the model, but work on
absolute identification / judgment as well as confidence and
other ratings have continually shown “bow effects” where
responses are faster and more accurate toward the edges of a
given scale (Luce et al., 1982; Pleskac & Busemeyer, 2010;
Marley & Cook, 1984; Moran et al., 2015). Indeed, it is pos-
sible that the source of such effects may be attributable to
the fact that choice alternatives toward the edge of a scale
have fewer direct competitors than those toward the middle,
allowing the SCDM and GSR model to provide a mechanis-
tic explanation for bow and edge effects with no additional
assumptions.

For the interested reader, we have supplied code for this
example in an online repository as “Example_Grid”.

Example 3: Nonlinear similarity between choice options

One final example that illustrates the contribution of the
GSR model over and above what models of continuous re-
port have typically focused on is an example that emphasizes
the importance of similarity in the representation. The ex-
perimental setup that gives rise to this type of example is one
where participants are asked to make a perceptual magnitude
judgment, and are presented with reference points that are
designed to assist them in making these judgments. For in-
stance, a participant might be presented with a transparent
cup that is partly full of water and be asked to estimate what
proportion of the glass is full — see Hollands & Dyre (2000),
Figure 3(B).

In the simplest case, participants tend to overestimate how
full the glass is when it is 0 to 0.5 full and underestimate how
full the glass is when it is .5 to 1.0 full. However, this pattern
is affected by the introduction of a reference point at the mid-
dle of the glass, drawn at the exact location where the glass is
half full. In this case, participants tend to underestimate the
fullness of the glass when it is slightly below .5 or slightly
below 1.0 (between .25 and .5, and .75 and 1.0) and overes-
timate the fullness of the glass when it is slightly above 0 or
.5 (between 0-.25, or .5-.75).

This example illustrates the importance of reference
points or anchors (Marley & Cook, 1984), which are used
by participants as contrasts to each stimulus they see. Per-
ceptual discrimination is more precise near these reference
points, suggesting that the representation of magnitudes near
the reference points are easier to tell apart than magnitudes
that are far away from the reference points. The pattern
typically observed in experiments is shown in Figure 5, left
panel: the objective amount of water in the glass (X, color
coded to make it easier to read) is nonlinearly related to the
subjectively experienced amount of water in the glass (y) due
to the presence of three anchors: one at the bottom of the
glass, one in the middle (line drawn at .5), and one at the top
of the glass.
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The GSR model provides a natural way to build this into
our model of perceptual decision making by integrating the
presence of the reference points into the multidimensional
scaling procedure. Suppose that a participant has provided
similarity ratings that allow us to construct a three dimen-
sional representation of the stimuli. This representation is
shown in the top-right panels of Figure 5: stimuli near the
ends (0, 1) and middle (.5) of the scale are spaced further
apart than stimuli near the quartiles (.25, .75) of the scale.
This reflects the steeper parts of the subjective experience
curve (left panels of Figure 5) near 0/.5/1 and flatter parts of
the curve near .25/.75.

We can examine the predictions that the model makes for
responses resulting from this representation of response op-
tions. The distributions of subjective magnitude estimates
that we would expect for nine stimuli (with objective magni-
tudes of x =0, .125, .25, ..., .875, 1) are shown as colored dis-
tributions. If the true stimulus magnitudes were mapped di-
rectly onto subjective estimates, these distributions would be
centered at the vertical gray lines depicted at the bottom right
of Figure 5. However, responses that should be at .125 and
.625 are shifted slightly upward and responses that should
be at .375 and .875 are shifted slightly downward. This re-
flects exactly the underestimation and overestimation that we

should expect from the subjective response curve (left of Fig-
ure 5).

Given that we used the subjective response curve to gen-
erate the representations of stimuli, this result should not be
too surprising, but it illustrates an important aspect of the
GSR model. Specifically, the GSR model accommodates
representations of similarity that are generated from behav-
ioral data like similarity ratings or confusion rates or that are
known from a sophisticated theory of representation. The ad-
dition of subjective representations of response options, map-
ping onto the orientations of these options in the evidence
accumulation space of the dynamic choice model, allows the
GSR model to connect with models of representation in a
way that the CDM and SCDM have not.

The code for this example is provided as
ple_NonLinearSimilarity” on the OSF site.

“Exam-

Discussion

The GSR model provides a natural and convenient frame-
work for mediating between the CDM and SCDM by al-
lowing the complexity of the representation to dictate the
complexity of the response distribution. In our examples,
we illustrated how it can overcome the challenge of multi-
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Example of a GSR model that accounts for behavior on a task with nonlinear subjective representations of stimuli. When there
are three reference points, the mapping from objective stimulus to subjective experience is “wavy” (left). This can be built
into the multidimensional scaling procedure for the GSR model, yielding representations like the ones shown at the top-right.
The resulting distribution of response produced by this model (bottom right) shows a corresponding overestimation of stimuli
between 0-.25 and .5-.75, but underestimation of stimuli between .25-.5 and .75-1. GSR: Geometric Similarity Representation.

modality, extend to multidimensional responses, and accom-
modate complex nonlinear relationships between the objec-
tive features of a stimulus and its subjective representation.
In the following sections, we elaborate on its relationship to
the CDM and SCDM in terms of practical utility and model
mimicry, outline procedures for fitting the model to empirical
data, and then discuss potential connections to other levels of
analysis such as its implementation in neural circuits.

The GSR also improves upon previous geometric models
(Kvam, 2019a,b; Kvam & Busemeyer, 2020) by using rep-
resentational models like multidimensional scaling to deter-
mine how response alternatives might be represented, rather
than fixing their locations based on some fixed assumptions
about the representational space. In past work, we had
largely depended on the objective features of the stimulus
translating directly into subjective representations, or a par-
ticular function that relates the two (e.g., a utility function;
Kvam & Busemeyer, 2020). Here, we have shown that these
assumptions can be relaxed and that the representation / de-
cision space can be created based on pairwise similarity re-
lationships among response options on the continuum. This
addition should improve the models’ ability to capture sub-
jective experiences and psychological representations that
exist above and beyond the physical relationships between
stimuli. As we discuss below, this brings the geometric
framework closer to theories of representational similarity in

neural activation (Kriegeskorte et al., 2008; Love, 2015). It
also provides the opportunity to build decision models that
reflect semantic similarity between response options, as in
vector space semantic models (Bhatia, 2017).

Comparing among the models

In this paper, we have shown that the GSR model can
accommodate the similarity rule used in the SCDM into a
generalized form of the CDM, where the similarity in repre-
sentation forms the basis of mediation between the models.
It can perfectly reproduce the behavior of the CDM and hy-
persphere models by definition because it is an extension of
these approaches, but the degree to which the GSR model
can fully account for the complex behavior of the SCDM has
not been a focal point of our exposition. To examine this, we
ran a model mimicry study where we generated data from
the SCDM (for 100 simulated participants) and estimated the
parameters of a five-dimensional GSR model. The details
of this study are provided in Appendix B. To summarize,
there was a high degree of correlation between the SCDM
parameters used to generate the data and the GSR parame-
ters estimated based on that data (with recovering the noise
parameter G, creating slightly more difficulty than other pa-
rameters). Most importantly, the GSR model was able to
accommodate the bimodal distribution of responses while si-
multaneously matching the distribution of response times in
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the SCDM. This is not to say that the mimicry between the
two models is perfect. There may be conditions we have not
examined where the complexity of the SCDM is necessary
and the GSR model is unable to accommodate the pattern of
results, and we speculate below about what those might be.

Part of the reason the models are so similar is because the
parameters of the two models are directly comparable: all
of the models include identical parameters drift rates, drift
direction(s), threshold, diffusion rates, and starting points as
the main cognitive mechanisms underlying decision-making.
The remaining parameter is the similarity kernel, which can
be reproduced in the GSR model by turning it into spatial
similarity relations between alternatives. The only limit on
its ability to produce identical performance is the number of
dimensions used to construct the decision space. If the GSR
model uses as many dimensions as the SCDM has accumu-
lators, the GSR model will yield similar performance to the
SCDM in most cases. Mimicry is better when a convex ker-
nel function is used for similarity, because it will satisfy the
triangle inequality:

Ev(A,B)+Ev(B,C) > Ev(A,C) (10)

While we can approximate sets of similarity relations gen-
erated from a squared exponential kernel or other kernels
with concave components, the reason that they cannot be di-
rectly transformed into a distance metric (like cosine or inner
product) is that they violate this inequality. Therefore, turn-
ing the similarities from a partially or fully concave kernel
function to the vector space — via multidimensional scaling
solution or singular value decomposition — will merely ap-
proximate all of the binary relations between alternatives in
the SCDM. When we use a strictly convex kernel function,
the similarities will not violate the triangle inequality and we
can obtain an exact solution that perfectly reflects all of the
pairwise relations between alternatives. In turn, this allows
us to construct the GSR model such that it perfectly mimics
the SCDM or the CDM.

Naturally, the GSR model will also be equivalent to the
CDM whenever the decision space is constructed using two
dimensions. This means that the GSR model is a general
case of the CDM and can mimic the SCDM when a convex
kernel function is used. The benefit of the more general GSR
model is that it can be constructed on any arbitrary number
of dimensions between two and m, where it will yield the
multimodal distributions of responses that the CDM cannot
and provide superior parsimony compared to the SCDM.

The models also differ in terms of their practical usabil-
ity. In Appendix C, we examine several instantiations of the
CDM, GSR, and SCDM. The CDM is reliably the fastest to
fit when its analytic likelihoods can be used, but it cannot
be used when there is starting point variability. In that case,
the CDM can be simulated and performs about as well as
the GSR. Of course, even the simulated CDM cannot han-

dle multimodality in response distributions (again, noting
that this is for a single drift; a mixture of drifts / certain
types of drift variability across trials can create multimodal-
ity Smith et al., 2020) and so the GSR appears to be the most
efficient model for such cases. Across all of the simulations,
spanning both complex and simple implementations of all
the models, the GSR is consistently faster to simulate than
the SCDM. This illustrates not only the practical utility of
our approach but also its ability to condense the information
from many correlated accumulators into a single state repre-
sentation with similarities among response options.

Normalization and non-circular similarity

An important but perhaps not fundamental property of the
SCDM is that the sum of evidence at each time step is con-
strained to be equal to zero, as with the model it was partially
based upon, RTCON2 (Ratcliff & Starns, 2013). This is also
the case with the CDM, simply because options are arranged
in a circle: the sum of support for one response option and
its opposite (antipodal) alternative sums to zero (such as 0
and 180 degrees, or 80 and 260 degrees). Every point on the
circle has an opposite, meaning the sum of evidence across
all points on the circle (directions / alternatives) will always
be zero. This will be the case with hyperspherical models
(Smith & Corbett, 2018) as well, as each response option /
point has a unique opposing point on the sphere (and for-

mally, because f . -fozn cos(0)dd = 0).

Typically, a multidimensional scaling solution will actu-
ally build this into the GSR model, with the sum across vec-
tors corresponding to all alternatives equal to zero — for ex-
ample, the solutions shown in Figures 3-4 will generate a
decision space where evidence for 180 degrees is evidence
against orientations at opposing orientations, such that the
sum of evidence across all alternatives naturally sums to zero.
Thus, normalization is commonly built into this construction
of the alternatives. Despite this, normalization will not al-
ways be naturally built in through the multidimensional scal-
ing procedure. This may not be an issue, as it is not clear that
it is necessary or desirable for a model to have this property
(Gluth et al., 2020). But in the case that it is useful, a modeler
can simply build normalization into the translation between
model similarities. This can be accomplished by computing
the shift in evidence across all alternatives when information
favoring each alternatives is gathered, taking into account
that many of these shifts must be negative in order to con-
serve the sum.

Concerns in fitting real data

When fitting a model to data from a continuous response
paradigms, a researcher is effectively trying to predict the
joint distribution of responses and response times. The CDM
has an analytic likelihood that spans these two dimensions,
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and as we suggested earlier, the distribution of response
times and hitting points in the GSR model will be identi-
cal to the CDM or hyperspherical extension (Smith, 2016;
Smith & Corbett, 2018). There are a few instances where
these likelihoods become more difficult to evaluate, such as
when the number of dimensions in the models increases,
where drift rate variability is introduced, where the start point
is randomly distributed or systematically shifted (biased), or
some combination of these factros. For the two-dimensional
case, a characterization of drift rate variability is provided
by Smith (2019), who derived the analytic distribution of re-
sponse times and responses for a model with bivariate nor-
mally distributed drift rates. A bivariate normal may not be
appropriate for all cases, and instead we may run into cases
where the analytic distributions are very difficult or impossi-
ble to derive (e.g., the long-tailed distributions in Smith et al.,
2020). In any case, drift rate variability results in a joint dis-
tribution of responses and response times where responses
are fastest near the drift direction and slower as responses
fall farther away from it. This is analogous to slow errors in
binary choice (Ratcliff et al., 2016). Such a correlation be-
tween response time and response location has been found in
some continuous response tasks (Smith et al., 2020) but not
others (Kvam, 2019b; Ratcliff, 2018) suggesting that these
types of tasks may inconsistently require drift variability to
account for the relationship between responses and RTs.

Another case where the analytic likelihoods cause trouble
is when the start point of the evidence accumulation process
is not at the origin, indicating an initial bias toward some of
the response options over others. In this case, it is useful to
use other methods to obtain an approximate estimate of the
likelihood of the data given the model. The most common is
to simulate a large number of trials from the model of inter-
est and evaluate the likelihood of the observed data in light of
how frequently the same patterns appear in the simulations.
One way to do this is to divide the observed and simulated
data into quantiles (e.g., 10/30/50/70/90) and measure the de-
gree of fit between the quantiles predicted by the model and
those present in the data (Heathcote et al., 2002). However,
this type of approach (and the region-based method used by
Ratcliff, 2018) removes what is perhaps the most interest-
ing property of this type of task — namely, that response and
response times are both continuously distributed. Fitting RT
quantiles loses information by fitting to summary statistics as
opposed to complete likelihoods / distributions of response
times (Turner & Sederberg, 2014).

Instead, we recommend an approach for model fitting
based on kernel density estimation to turn the simulated
data into a truly continuous, 2-dimensional distribution
of responses and response times. This method has been
effectively used to approximate the likelihoods of several
types of simulation-based models (Palestro et al., 2018;
Turner & Van Zandt, 2012; Turner & Sederberg, 2014;

Kvam & Busemeyer, 2020), is reasonably efficient es-
pecially with the addition of signal processing methods
(Holmes, 2015; Lin et al., 2019), and can be easily adapted
to a two-dimensional joint distribution like the one produced
by the SCDM and GSR model. For these models, we can
simulate a large number of trials from the model, use the
kernel density method to generate an approximate likeli-
hood, and then impute the likelihood of each combination
of response and response time in the observed data set.
This approach can similarly be applied to the CDM in order
to build in bias in the starting points, for example (see
Appendix C).

Connection to neural activity

As computational models are intended to explain behav-
ior, a natural aspect of the model to consider is whether that
model could be instantiated in the brain. The diffusion model
and similar accumulation to boundary models have been con-
nected to integrate-and-fire neural structures (Ratcliff et al.,
2016; Ratcliff & McKoon, 2008; Smith & Ratcliff, 2004),
and even connected directly to neuroimaging data (Turner,
2015; Gold & Shadlen, 2007). Bidirectional constraints be-
tween behavioral and neural models improve both cognitive
modeling and neuroscience (Forstmann et al., 2016, 2011)
and place joint constraints on models of underlying cogni-
tive processes (Love, 2015; Turner et al., 2019). The models
we visit here are likely to be no exception: similarity is not
only central to understanding behavioral data, but neural data
as well. Comparable patterns of neural activation across dif-
ferent stimuli have been leveraged to understand “represen-
tational similarity” (Kriegeskorte et al., 2008). As the likely
neural antecedent of behavioral similarity, neural representa-
tional similarity could be used to construct the multidimen-
sional scaling solutions that we describe here.

On a more basic level, individual neurons at all levels
of cortex have tuning functions that respond to more than
just one stimulus (Ferster & Miller, 2000), including stimuli
that are related in structure or function / meaning (Yee et al.,
2010). The same can be said of the angles that the GSR
model uses to represent similarity among response options
— the subjective representations in the GSR model corre-
spond to fundamental neural representations that drive ev-
ery type of behavior. These overlapping activation functions,
represented by the angles between response options (Kvam,
2019a), create both confusion and generalization between
stimuli (Howard & Franklin, 2015) and permit decision mak-
ers to generalize to new contexts while retaining some speci-
ficity between neural activity and stimuli (Shepard, 1987).

Recent work delving into the multidimensional struc-
ture of similarity and neural representations (such as
Bobadilla-Suarez et al., 2020; Hebart et al., 2020) promises
to deepen the connections between neural representational
similarity and the similarity representations that models like
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the GSR use to model behavior. One promising candi-
date for constructing the similarity scaling solutions in the
model is the multidimensional feature space representations
that are thought to exist in the hippocampus (Aronov et al.,
2017; Mok & Love, 2019). These hippocampal “grid” maps
of object features could be used to evaluate the pairwise
distances between choice alternatives, representing concep-
tual (Constantinescu et al., 2016) or perceptual similarity
(Theves et al., 2019). The main conceptual challenges seem
to be determining the scaling of different features as well as
the type of distance metric (e.g., city block or Euclidean) that
yields the most coherent translation between neural maps and
behavioral data on continuous response tasks.

Conclusions

Overall, the geometric extension of the CDM provides a
bridge between completeness and computational tractability
in models of continuous report paradigms. It simplifies the
SCDM by reducing the complex evidence accumulation dy-
namics of many correlated accumulators into a spatial rela-
tion between alternatives, represented in terms of directions
and alignment between support for different responses. In
translating the kernel-based similarity rule of the SCDM into
the cosine-based similarity rule of the CDM (Equation 8), it
also connects these two models together under a common ge-
ometric framework. Once this is done, the remaining proper-
ties of the model are all analogous, which is reflected by their
common parameters: drift rate, drift direction(s), diffusion
rate(s), thresholds, and non-decision time are all matched
across the three models.

Although we do not provide fits to behavioral data here,
there would be nothing surprising about the performance of
the GSR model. Because it can act as a general case of both
the CDM and the SCDM, in the worst case it will provide
identical fits to those reported in previous work (Ratcliff,
2018; Kvam, 2019b). It also has the potential to provide
more parsimonious accounts of behavior due to its ability to
compress the covariance information in the SCDM into spa-
tial relationships between responses, but the degree to which
the dimensionality of the model can be interpreted as par-
simony is certainly an open question. It could potentially
be addressed through approaches analogous to probabilistic
latent semantic analysis, where the ideal number of dimen-
sions is identified through iterative model comparison when
constructing a representation (Hofmann, 1999, 2001).

Of the models we have covered, only the GSR model
and CDM provide a truly continuous joint distribution of
responses and response times, because horse race multiple-
accumulator models inherently produce a discrete distribu-
tion of responses when the decision rule is based on which
accumulator wins the race. Whether the underlying rep-
resentation should be continuous or discrete may never be
definitively resolved, but certainly there are cases where

many more than 100 accumulators will be desirable. For
instance, tasks where responses can be made in two or
three dimensions — such as foraging and spatial navigation
tasks (Kahana et al., 1999; Weisberg et al., 2014) or the 2-
dimensional plane we showed in the example above — will
require grids of m? or m? accumulators to obtain the same
precision as single-dimensional tasks with m accumulators.
In these cases, data compression via multidimensional scal-
ing or singular value decomposition may be highly desirable.

Perhaps the most important frontier for the model is that
of representations of similarity. Our third example, derived
from real data on nonlinear subjective stimulus representa-
tions, illustrates the potential challenges associated with try-
ing to predict continuous responses like magnitude estimates
based only on the objective stimulus magnitudes. Integrat-
ing a subjective similarity structure into dynamic decision
models like the GSR model, whether through multidimen-
sional scaling or other dimension reduction techniques, will
be paramount to accounting for empirical data in many real-
istic choice scenarios.
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Appendix A: Number of modes in multimodal
distributions

Although there SCDM can in principle produce multi-
modal data, whether or not a mixture of two distributions
of evidence will result in multimodal response distributions
depends on how similar the representations of the two op-
tions are relative to the width of the similarity kernel 6. If
there are two sources of information, and there is a Gaus-
sian similarity relation between them, then information for
the two alternatives, summed together, will not be multi-
modal unless the width of 6, is below a certain value. Ex-
actly how small it has to be can be derived from a test for
unimodality of the mixture of two normal random variables,
such as Holzmann & Vollmer (2008). Formally, if the loca-
tion of one alternative is at m; and the location of the other
is at my, then the aggregate distribution of evidence resulting
from combining evidence evenly from both alternatives will
be multimodal if and only if

lmy —ma| > 20, (11)

In the case that there is a probabilistic mixture of the two
sources of evidence — such as the case where m is the ‘true’
globally maximal signal and m, is a ‘distractor’ local max-
imum - the distribution of evidence will not be multimodal
unless the following condition is met (Behboodian, 1970):

As a result, a set of alternatives spanning the range [a,b]
will be able to have at most min(Nyoqes, ) unique modes in
the response distributions, where 7 is the number of accumu-
lators and N,;pq.5 1S computed as

a—>b
;o (13
26, \/1 4 Log(p)~log(1-p) )

Ninodes = f(

Here, f(x) = [x] is the “ceiling” function (rounding up to
the nearest integer). Thus, the number of unique modes that
can exist in the data using a Gaussian similarity rule to relate
the accumulators is %1 Conversely, the key to multiple
modes in the GSR model is that there can be no alternative
on the hypersphere 07 that is located nearer to the geodesic
between the two vectors corresponding to the location of the
modes than either of the constituent alternatives.

The maximum number of unique modes that can be rep-
resented in d dimensions using a cosine similarity rule — for
a set of alternatives arranged on a hypersphere — is equal to
2(d —1). This is because a complete cycle of y = cos(x)
(x € [0,2m)) will cross every value of y € [—1,1] exactly
twice, but there cannot be one full cycle without at least two
dimensions. Each additional dimension confers one addi-

tional cycle in cosine similarity, such that there is one cycle in

two dimensions, two cycles in three dimensions, three cycles
in four, and so on. Therefore, the number of dimensions nec-
essary to represent an evidence accumulation process with
Gaussian similarity kernel width G, is

l{a—b

i 5] %2 | +1] (14)
Hence, d. is the maximum number of dimensions needed
for the multidimensional scaling algorithm to produce a rep-
resentation with sufficient flexibility to allow multi-modality
in the data. Therefore, we know that we will need no more
than d. dimensions in the GSR model to account for data
with d. — 1 modes, providing an upper bound on the required
model complexity for the GSR model that keeps it from be-

ing as complex as the SCDM.

Appendix B: Model mimicry study

In this article, we showed that the GSR model can mimic
the most important properties of the SCDM, including mul-
timodality. However, it is not necessarily clear that both
models will give a researcher the same information. On
the surface, the drift rate and direction, noise, threshold,
and non-decision time all have the same interpretation as
one another, in addition to reflecting the one-dimensional
case of the diffusion model (Smith & Corbett, 2018). To test
whether the GSR model was capturing the same information
as the SCDM, we performed a model mimicry analysis. For
this analysis, we simulated a large volume of data from the
SCDM for multiple “participants” all with different values
of the important parameters of the SCDM. To make a real-
istic and demanding situation from SCDM, we focused on
a case where responses could fall along a line (i.e., were not
wrapped around a circle) and where there was a stimulus with
two modes — a “central” location and a “secondary” location.
This setup can be compared to the bright / dark dot patches
used by Ratcliff (2018), Experiment 3.

For the simulations, we generated 50 artificial participants
who each completed 200 trials of a task with a bimodal
stimulus. To generate the simulated data from each partic-
ipant, we used 80 accumulators in the SCDM. The loca-
tions of the true stimuli modes (drift direction), drift rates
for the two main stimuli, diffusion rate / noise, threshold, and
non-decision times were randomly varied across participants.
Dirift locations for the primary stimulus locations were drawn
according to a normal random variable with mean of 25 and
standard deviation of 5, whereas locations for the secondary
stimuli were drawn from a normal distribution with mean at
62 and the same standard deviation. The drift rates for these
stimuli were drawn from uniform distributions from .5 to 1.5
and .25 to .75, respectively, such that the secondary stimulus
could sometimes be stronger than the primary one (which
should test the model’s flexibility to accommodate many pat-
terns of stimuli). Threshold and diffusion rate / noise were
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Figure 6

Fits of the GSR model to data generated from the SCDM. Large plots show the best fit predictions generated by the GSR model
(orange lines) overlaid on a histogram of data generated from the SCDM (histogram) for response (left) and response time
(right) distributions. Smaller plots show the relationship between SCDM parameters used to generate the data (x-axis) and
the estimated parameters of the GSR model based on maximum likelihood fits to the data (y-axis). GSR: Geometric Similarity

Representation. SCDM: Spatially Continuous Diffusion Model.

drawn from normal distributions with mean 3 and standard
deviation .5 and mean .35 and standard deviation .05, respec-
tively, truncated so they could not go below zero. Non deci-
sion time was drawn from a uniform distribution U (.15, .4)
to reflect values of the nondecision time parameter that are
typically observed in similar perceptual decision making ex-
periments.

Once the data were generated from the SCDM, we fit
the GSR model to the joint distribution of responses and re-
sponse times. The GSR model had five dimensions, and used
5000 simulated trials for each participant to approximate the
likelihood surface (predicted joint distribution of responses
and response times) for each combination of parameters. To
estimate the parameters of the GSR model, we used maxi-
mum likelihood estimation (fminsearch in MATLAB) with
100 different start points. Start points were generated by
drawing a multivariate normal random variable around drift
directions of 20 and 60, drift rates of 1 and .5, threshold of 3,
noise of .3, and non-decision time of .2. Once the parameters
were estimated, we compared the maximum likelihood esti-
mates from the GSR model against the generative parameters
of the SCDM, and compared the predicted distribution of re-
sponses and response times (from the GSR model) against

the ones generated by the SCDM (i.e., the data that were be-
ing fit).

Figure 6 presents the results. The top left panel shows
the observed distributions of responses (blue histogram) and
predictions from the GSR model from the best-fitting model
parameters (orange), whereas the top middle panel shows the
observed distributions of response times (also shown in blue
histogram) and predictions from the GSR model (also shown
in orange). Generally, the GSR model had no trouble re-
covering the pattern of data generated by the SCDM, as we
might expect from our examples in the main text.

As for the parameters themselves, most parameters
showed a close relationship between the generative param-
eters from the SCDM and the estimated parameters from the
GSR model. Each parameter is shown around the edges of
Figure 6, labeled to indicate which parameter is shown. For
reference, we include both the linear relationship between
generative and estimated parameters (r) and rank correlation
between them (p). In all cases, these relationships were sub-
stantial and positive. The only cases where they dipped be-
low .6 was in the noise parameter (G.), where the GSR model
tended to over-predict the variability in this parameter rela-
tive to the true SCDM parameters. This is likely due to the
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relative modest effect of 6. in this dataset: there were not
that many ‘pure’ mistakes, and so slightly smaller or larger
values of the diffusion rate did not create too substantial of
differences in the observed data. As a result, the GSR model
did not have much variability in the data to meaningfully in-
form its estimates of the noise.

Overall, the parameters of the GCDM and GSR model
showed relatively close agreement. A GSR model with more
dimensions is likely to show even better performance by
yielding a representation of response options that has higher
fidelity. Meanwhile, it is possible that we could modify the
SCDM to make even more difficult patterns of data to ac-
commodate. However, this exercise illustrates that the GSR
model does exactly as we described in the main text, which is
to condense the information in the correlated accumulators of
the SCDM into representations of similar response options.
Ultimately, the GSR model performs well in accommodat-
ing the data from the SCDM, while decreasing the dimen-
sionality of the evidence representation down to 1/16th of its
original complexity.

Appendix C: Implementational study

Considering simulation and analytic implementations
(where available) of the three approaches leaves us with four
potentially interesting models with different capabilities: (1)
the analytic version of the circular diffusion model (CDM),
(2) a simulated variant of the circular diffusion model, (3)
the new geometric similarity representation (GSR) approach
introduced in this paper, and (4) the spatially continuous dif-
fusion model (SCDM). To examine the practical implica-
tions of choosing to use each of these models, we apply each
model in several different scenarios and examine the relative
amount of time it takes to evaluate the likelihood function
of each model. The speed with which the likelihood can be
evaluated constrains a modeler’s ability to test new models,
add new mechanisms, and compare within and across differ-
ent models. It is therefore not only a concern of efficient use
of the modeler’s time, but one of theoretical innovation as
well: if a model will take several weeks to fit, the modeler
can only test so many different alternative accounts of the
data.

To thoroughly examine this aspect of the models, we im-
plemented 2-4 versions of each model, depending on what
conditions they qualitatively could implement. For all mod-
els, we set the baseline threshold to 5, drift rate to 0.05, dif-
fusion rate to 0.20, drift direction was T, and non-decision
time to 250 ms. These were chosen to create a realistic
likelihood function where responses were distributed across
approximately half the scale and response times were con-
centrated between 500-3500 ms, roughly reflecting the prop-
erties of past experimental results. For the simulated mod-
els, the time between steps of the process was 10 ms. This
time can be used directly as the time for each step or, if the

modeler wishes to preserve the Markov property of the dif-
fusion process, the time between steps can be exponentially
distributed as Exp(0.01). The latter approach also allows for
a continuous distribution of response times, to maintain con-
sistency with models that predict continuous distributions of
responses.

The results of four different tests are shown in Table 1.
The first of these tests was a “high resolution” test of the
models, where great demands were placed on precision for
each of the models as would be the case in realistic modeling
scenarios. For the analytic CDM, this meant computing 150
terms of the zeros of the Bessel function in Equation 2, which
provides a smooth likelihood and low occurrence of unusual
behavior on the leading edge of the response time distribu-
tion (when fewer terms are used, there can be erratically high
probability densities around the leading edge of the RT distri-
butions). For the simulated models, this meant that they used
5000 simulations to generate the likelihood surface. The high
resolution GSR model used 10 dimensions, allowing for at
least 11 modes in the data to be distinguishable. The high
resolution SCDM used 100 accumulators, allowing for a dis-
tribution of responses that could nearly approximate a con-
tinuum.

To make the simulation times somewhere in an achievable
range for a modeler with modest computing resources, we
implemented the models on a laptop computer with a 4-core,
2.4 GHz intel Core i7 processor in MATLAB 2017b. This
is not meant to be a comprehensive study of how well the
models can be fit on a variety of the most advanced super-
computing resources with massively parallelized processes,
but to give the reader an idea of the relative efficiency of the
different modeling approaches. The analytic CDM naturally
provided the best performance in terms of computing time,
while the simulated CDM and GSR model took about 2 sec-
onds per likelihood computation — with a total time of just
over half an hour. The SCDM took almost two orders of
magnitude longer than either of the other simulated models,
taking several days for just a thousand samples in a single
condition, which would be effectively prohibitive for many
modeling goals.

The second test evaluated very coarse approximations of
each model, allowing them to reduce the computational de-
mands at the expense of making precise predictions. This
test was designed to evaluate what the lower bound on rea-
sonable computing time for each model would be. In this
test, there were only 40 terms computed for the zeros of
the Bessel function for the analytic CDM, 100 simulations
to generate the likelihood surface of the simulated models,
3 dimensions for the GSR model, and 20 accumulators for
the SCDM. Here the results show greater parity — the SCDM
only takes twice as long as the other simulated models, re-
flecting our suggestion above that the number of accumula-
tors and their covariance is the main culprit in terms of long
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Table 1

Time taken to complete 1000 likelihood computations for a (simulated) data set of 2000 trials. High resolution models tested
precise predictions generated using many simulations, low resolution models tested very rough predictions using few simula-
tions, start bias models tested conditions where the initial point was not [0,0], and multimodal models tested conditions where
the stimulus had multiple favored response directions.

Model | High resolution | Low resolution | Start bias | multimodal
CDM (analytic) 476 s 042s I s
CDM (simulated) 2,230.19 s 214.49 s 1,07534s [T
GSR 2,868.83 s 246.68 s 1,160.03s | 1,430.28s
SCDM 168,141.68 s 531.12s 5,152.75s | 6,062.06 s

computation times.

The third and fourth tests were designed to illustrate the
capabilities of each of the models as well as the length of
time it might take to fit them to data. The third test exam-
ined how starting point shifts impacted the performance of
the models. In this test, we put intermediate demands on
computations such that the simulated models used 1000 sim-
ulations per likelihood computation, the GSR model used 5
dimensions, and the SCDM used 50 accumulators. The ma-
jor finding of note is that the analytic CDM cannot be used
in cases where pre-stimulus information or asymmetric re-
wards induce a bias in the start point of the model (although
there are suggestions that this is not how bias due to predeci-
sion information works in continuous paradigms; see Kvam,
2019b). This leaves the simulated CDM and GSR model as
the fastest working models, within 100 seconds of one an-
other, while the SCDM takes approximately 5 times as long
as either one.

Finally, the last test was designed with multimodality in
mind, and used multiple drift directions to drive the evi-
dence accumulation process (such as a stimulus with two
main competing spatial locations). Because it uses a cosine
similarity rule, the analytic and simulated CDM could not
accomplish a reasonable account of the multimodal response
distribution. The GSR model, however, worked well in this
case and was able to out-perform the computation time of the
SCDM by a factor of 4.
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